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Abstract 

 

In many instances, individual health outcomes are self-reported on several ordinal 

scales.  The ordinal nature of the data creates some challenging problems in the 

measurement of inequalities of various distributions of health outcomes in a 

population.  In this paper, we propose and discuss a class of measures of inequalities 

of heath outcome distributions based on such ordinal data. Our measures are easy to 

compute and have some desirable properties often required for a reasonable measure 

for health inequality.     
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1. Introduction 

A good health constitutes an integral and important part of a good living for an 

individual, and is a crucial component of an individual’s overall well-being.  Individuals 

being members of a society, it is therefore important to know the health status of its 

members and the health inequality exhibited thereby in order to assess the well-being of 

the society.  For this purpose, researchers rely heavily on self-reported health status to 

evaluate health conditions of individuals in a society, and several proposals have been 

proposed for measuring health inequality among the individuals in the society (see, 

among others, Abul Naga and Yalcin (2008), Allison and Foster (2004), Lazar and Silber 

(2013), van Doorslaer and Jones (2003), and Zheng (2011)). 

The purpose of this paper is to propose and axiomatically study a new class of 

measures of health inequality based on qualitative data.  Qualitative data are gathered on 

the basis of the answers given by the individuals when asked to indicate whether their 

health status are, for example, Excellent, Very Good, Good, Fair, and Poor. Therefore, 

information about frequency distribution, the percentage of the population that has a 

certain given status, of health outcomes is readily available.  We address the 

measurement of health inequality by looking at how “spreading out” a frequency 

distribution is.  To illustrate our measures, we suppose that there are five health outcomes: 

excellent, very good, good, fair, and poor.  Consider a frequency distribution 𝐷 =

(𝐷1, 𝐷2, 𝐷3, 𝐷4, 𝐷5) where each 𝐷𝑖 ≥ 0 (𝑖 = 1,2,3,4,5) and 𝐷1 + 𝐷2 + 𝐷3 + 𝐷4 + 𝐷5 = 1.  

To measure the degree of health inequality, to be denoted by 𝑑, associated with this 

frequency distribution, we first assume that 𝑑 is a weighted sum of the degrees of 

“inequalities” between any two health outcomes represented by this frequency 

distribution.  With this assumption in hand, a crucial question to be asked is how to 

measure the degree of inequality between two health outcomes based on frequency 

distribution.  To answer this question, we consider two health outcomes, 𝑖 and 𝑗. For the 

purpose of illustration, we consider the frequency distributions are such that all the 

individuals’ health outcomes are “clustered” over the health outcomes 𝑖 and 𝑗 (and the 

frequencies over other health outcomes are 0s).  In this case, what is a proper way of 

measuring health inequality exhibited by these kinds of frequency distributions?  We first 

note that, if a frequency distribution is such that either (𝐷𝑖 = 0, 𝐷𝑗 = 1) or (𝐷𝑖 = 1, 𝐷𝑗 =



0), then it is reasonable to say this frequency distribution exhibits no health inequality—

all the individuals have the same health outcome.  On the other hand, if a frequency 

distribution is such that (𝐷𝑖 =
1

2
, 𝐷𝑗 =

1

2
), then this frequency distribution exhibits the 

maximum health inequality among the individuals.  We also note that a good measure of 

health inequality should be symmetric with respect to 𝐷𝑖 and 𝐷𝑗: from a statistical point 

of view, a frequency distribution 𝐷 = (𝐷𝑖, 𝐷𝑗) and another frequency distribution 𝑄 =

(𝑄𝑖 , 𝑄𝑗) where 𝐷𝑖 = 𝑄𝑗 and 𝐷𝑗 = 𝑄𝑖 are equally “spreading out” and, consequently, 

should exhibit the same degree of health inequality.1  Indeed, we can go on to discuss 

other various desirable properties of a good measure of health inequality for two-outcome 

frequency distributions.  A simple measure of health inequality for a frequency 

distribution 𝐷 = (𝐷𝑖, 𝐷𝑗) that has those desirable properties is given by 𝐷𝑖𝐷𝑗.                        

Once we have an intuitive understanding of the above measure of health inequality 

for two-outcome frequency distributions, we can now return to a class of measures of 

health inequality for general frequency distributions.  Take again, the example in which 

there are five reported health outcomes and a frequency distribution 𝐷 =

(𝐷1, 𝐷2, 𝐷3, 𝐷4, 𝐷5).  Given the additivity assumption made earlier, the measure, 𝑑, of 

health inequality for 𝐷 is then given by ∑ ∑ 𝑤𝑖𝑗𝐷𝑖𝐷𝑗
5
𝑗=2

5
𝑖=1  with 𝑤𝑖𝑖 = 0 for 𝑖 = 1, … , 5, 

𝑤𝑖𝑗 = 𝑤𝑗𝑖 for 𝑖, 𝑗 = 1, … , 5, and 𝑤𝑖𝑗 > 0 is “increasing” with respect to the absolute value 

of the difference between 𝑖 and 𝑗:  |𝑖 − 𝑗|.  The requirement that 𝑤𝑖𝑖 = 0 for 𝑖 = 1, … , 5, 

and 𝑤𝑖𝑗 = 𝑤𝑗𝑖  for 𝑖, 𝑗 = 1, … , 5 seem quite natural and reasonable.  The requirement that 

𝑤𝑖𝑗  is increasing with respect to |𝑖 − 𝑗| seems reasonable as well.  To see this, consider 

two frequency distributions, 𝛼 = (𝑡, 0,0,0,1 − 𝑡) and 𝛽 = (0, 𝑡, 0,1 − 𝑡, 0) where 0 <

𝑡 < 1.  Note that, intuitively, the distribution 𝛼 is more “spreading out” than the 

distribution 𝛽 as the two health outcomes that have non-zero frequencies under 𝛼 are 

                                                

1 It may be noted that we take a “statistical” view of measuring health inequalities 

exhibited by frequency distributions in this paper and refrain from making value 

judgments such as it is more desirable to have a better health outcome.      

 



more extreme than the two health outcomes that have non-zero frequencies under 𝛽.  This 

observation suggests that the weights attached to the degrees of “health inequalities” 

among any two health outcomes are positively associated with the “distances” between 

two health outcomes.   

The remainder of the paper is organized as follows.  In Section 2, we present basic 

notation and definitions needed for the introduction and discussion of our new measure.  

Section 3 introduces our new measure and discusses its properties.  In Section 4, we use 

the Chinese data to illustrate our measure and compare our measures with some of the 

existing measures that have been developed for ordinal data.  We conclude in Section 5.       

         

2. Notation and definitions 

Let 𝑁 = {1, … , 𝑛} be a given, finite set of individuals with 𝑛 ≥ 2 and let 𝐻 =

{ℎ1, … , ℎ𝑚} be a given, finite set of health outcomes with 𝑚 > 2.  We assume that health 

outcomes are such that ℎ1 < ⋯ < ℎ𝑚 and that they are ordinally significant so that, if 

ℎ𝑗 < ℎ𝑘, then ℎ𝑗 represents a lower health level than ℎ𝑘.  For example, for the survey data 

that we use in this paper, there are five health outcomes: excellent, very good, good, fair, 

and poor, correspondingly, we have that ℎ1, ℎ2, ℎ3,  ℎ4 and ℎ5 represent the five levels of 

health status: poor, average, good and excellent, respectively.   

Let 𝐻𝑛  be the 𝑛-fold Cartesian product of 𝐻. Let 𝑣 = (𝑣1 , … , 𝑣𝑖 , … , 𝑣𝑛) ∈  𝐻𝑛  be a 

vector of individual health outcomes with 𝑣𝑖  as individual 𝑖's (𝑖 = 1, … , 𝑛) health 

outcome.  A health-inequality index, to be denoted by 𝑓, is a function that maps every 

𝑣 = (𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛) ∈  𝐻𝑛  to a real number in [0,1]; that is, 𝑓: 𝐻𝑛 → [0, ∞)  The 

intended interpretation of a health-inequality index 𝑓 is the following: for any 𝑣, 𝑢 ∈  𝐻𝑛 , 

𝑓(𝑣) ≥ 𝑓(𝑢) means that the vector of individual health outcomes under 𝑣 is at least as 

unequal as the vector of individual health outcomes under 𝑢.  Thus, for all 𝑣, 𝑢 ∈  𝐻𝑛 , 

𝑓(𝑣) > 𝑓(𝑢) means the vector of individual health outcomes under 𝑣 is more unequal 

than the vector of individual health outcomes under 𝑢, and 𝑓(𝑣) = 𝑓(𝑢) means the vector  

of individual health outcomes under 𝑣 is as unequal as the vector of individual health 

outcomes under 𝑢.   



 

3. The class of new measures and its axiomatic derivation  

In this paper, we introduce and discuss a class of new measures of health 

inequalities based on ordinal data.  We first introduce a notation.  For each 𝑣 =

(𝑣1, … , 𝑣𝑛) ∈  𝐻𝑛 , we now define an 𝑚-component vector, to be denoted by 𝐷𝑣 =

(𝐷1
𝑣 , … , 𝐷𝑚

𝑣 ), as follows:  for each 𝑗 = 1, … , 𝑚,  𝐷𝑗
𝑣 =

#{𝑖: 𝑣𝑖=ℎ𝑗,𝑖∈𝑁}

𝑛
  .  That is, 𝐷𝑗

𝑣 is the 

percentage of individuals whose health outcomes are given by ℎ𝑗, under 𝑣.  For each 𝑣 ∈ 

𝐻𝑛 , we shall call 𝐷𝑣 the frequency distribution of individual health outcomes under 𝑣, or 

simply the frequency distribution under 𝑣.  

We now introduce our new health-inequality index 𝑓∗.  For all 𝑣 ∈  𝐻𝑛 , we define a 

function 𝑓∗(𝑣) as follows: 𝑓∗(𝑣) = ∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑖
𝑣𝐷𝑗

𝑣
𝑗≠𝑖

𝑚
𝑖=1  , where 𝑔 is a function of 

positive integers such that 0 < 𝑔(1) < 𝑔(2) < ⋯ < 𝑔(𝑚 − 1).  Note that, by varying 

the 𝑔 function, we obtain a class of measures of health inequality. To understand and 

interpret the index 𝑓∗ for a given 𝑔 function, we note that, for any frequency distribution 

𝑣, 𝐷𝑖
𝑣𝐷𝑗

𝑣 may be regarded as capturing the “degree of health-outcome inequality” 

between two different health outcomes ℎ𝑖 and ℎ𝑗.  Under such an interpretation for 𝐷𝑖
𝑣𝐷𝑗

𝑣, 

the index 𝑓∗ for the frequency distribution 𝑣 can be understood and interpreted as follows: 

𝑓∗ requires all possible inequalities existing between any two different health outcomes 

be accounted for and these “inequalities” be aggregated by using a simple weighted sum 

in which the further apart the two health outcomes are, the higher the weight is attached 

to the “inequality” between these two health outcomes, to obtain an overall health-

inequality index.  Note that 𝑓∗ accounts for all possible “inequalities” that exist between 

any two health outcomes, it thus contains more information than some commonly used 

measures, such as the range, the median, the mode, etc. of health inequality in the context 

of ordinal data.   

The 𝑔 function in the construction of the index 𝑓∗ is our weighting function and 

plays an important role.  The only requirement on the choice of a 𝑔 function is: 0 <



𝑔(1) < 𝑔(2) < ⋯ < 𝑔(𝑚 − 1).  This property requires that 𝑔 is strictly increasing and 

reflects the idea of higher weights for “inequalities” from further apart health outcomes.  

There are many examples for choosing a 𝑔 function.  For example, the 𝑔 function can 

take the following form: 

𝑔(𝑖) =
2𝑖

𝑚 − 1
, 𝑖 = 1, … , 𝑚 − 1                           (1) 

In this case, it can be checked that the index 𝑓∗ achieves the maximum when the 

frequency distribution 𝑣 is such that 𝐷1
𝑣 = 𝐷𝑚

𝑣 =
1

2
; that is, when half of the population 

has the worst health outcome and the other half has the best health outcome, the index  𝑓∗ 

achieves its maximum given below: 

max
𝑣∈𝐻𝑛

𝑓∗(𝑣) = 2
2(𝑚 − 1)

(𝑚 − 1)

1

2

1

2
= 1  

When the 𝑔 function is given by (1), the index can be simplified as follows: 

 𝑓∗(𝑣) =
2

𝑚 − 1
∑ ∑ |𝑖 − 𝑗|𝐷𝑖

𝑣𝐷𝑗
𝑣                                 (2) 

𝑗≠𝑖

𝑚

𝑖=1

 

It may be noted that the above measure in (2) is equivalent to the Gini coefficient when 

1, … , 𝑚 are interpreted as the levels of income and 𝐷𝑖
𝑣 as the percentage of population 

having the income level 𝑖.   

Another example of a 𝑔 function is the following: 

𝑔(𝑖) = 2𝛼𝑚−1−𝑖, 𝑖 = 1, … , 𝑚 − 1                                   (3) 

where 0 < 𝛼 < 1.  Note that in this case,  

 𝑓∗(𝑣) = 2 ∑ ∑ 𝛼𝑚−1−|𝑖−𝑗|𝐷𝑖
𝑣𝐷𝑗

𝑣                                 (4) 
𝑗≠𝑖

𝑚

𝑖=1

 



In what follows, we present an axiomatic derivation of our proposed class of 

measures.  For this purpose, we consider some properties to be imposed on a health-

inequality index 𝑓.   

As a background assumption to be imposed on a health-inequality measure, we 

assume that, in the construction of an index 𝑓 for a vector of individual health outcomes, 

the relevant information is the frequency distribution of individual health outcomes: if 

two vectors of individual health outcomes, 𝑣 and 𝑢, have the same frequency distribution, 

𝐷𝑣 = 𝐷𝑢, then they should have the same index number.  More formally, we have the 

following property: 

Focus.  For any two vectors of individual health outcomes 𝑣, 𝑢 ∈ 𝐻𝑛 , if 𝐷𝑗
𝑣 = 𝐷𝑗

𝑢 for all 

𝑗 = 1, … , 𝑚, then 𝑓(𝑣) = 𝑓(𝑢). 

Note that this property implicitly requires that information about individuals, such 

as their names, genders, and incomes, not already captured in the vector of individual 

health outcomes should not play any role in constructing an index of health-outcome 

inequality and an index of health-outcome inequality should be neutral with respect to 

such information.  On the other hand, Focus would not be a reasonable property if we 

want to build into our measure any extra concern about the health status of a specific 

subgroup, such as children, women and the elderly.  In the absence of any such special 

concern about any subgroups, Focus seems a reasonable and appealing property to be 

imposed on an index of health-outcome inequality.  We shall invoke the property Focus 

implicitly in our subsequent discussions.   

Our next property builds on Focus implicitly by requiring that an index 𝑓 be 

additive. 

Additivity. For all 𝑣 ∈ 𝐻𝑛, 𝑓(𝑣) = ∑ ∑ 𝑓𝑖𝑗(𝐷𝑖
𝑣

𝑗≠𝑖
𝑚
𝑖=1 , 𝐷𝑗

𝑣), where 𝑓𝑖𝑗  (𝑖, 𝑗 = 1, … , 𝑚) are 

real valued continuous functions. 

 Additivity builds on the intuition that an index of health-outcome inequality is the 

sum of all “individual” health-inequalities. Our measures sums up all possible 



inequalities of any two different health outcomes and certainly satisfy this property .  It 

may be noted that, most of the measures of health inequality studied in the literature 

satisfy this property.  See Section 4 for details.  Though Additivity is very restrictive, in 

this paper, we limit our discussion to the class of additive measures.  In what follows, we 

concentrate on analyzing reasonable measures of health-inequality between two health 

outcomes.  For this purpose, we take two health outcomes, ℎ𝑖 and ℎ𝑗, and the 

corresponding frequencies 𝐷𝑖
𝑣 and 𝐷𝑗

𝑣 for any health outcome vector 𝑣.  Note that, since 

𝑚 > 2, 𝐷𝑖
𝑣 and 𝐷𝑗

𝑣 can take any values in [0,1] with 𝐷𝑖
𝑣 + 𝐷𝑗

𝑣 ≤ 1.  Let ℂ = {(𝑠, 𝑡): 𝑠 ≥

0, 𝑡 ≥ 0, 𝑠 + 𝑡 ≤ 1}.     

 With this notion and with the additivity assumption made above, we introduce the 

property of Independence below. 

Independence.  For all distinct ℎ𝑖, ℎ𝑗 ∈ 𝐻, all 𝑡 > 0, all (𝐷𝑖
𝑣, 𝐷𝑗

𝑣), (𝐷𝑖
𝑢 , 𝐷𝑗

𝑢), (𝐷𝑖
𝑣, 𝐷𝑗

𝑣 +

𝑡), (𝐷𝑖
𝑢 , 𝐷𝑗

𝑢 + 𝑡) ∈ ℂ, if 𝐷𝑖
𝑣 = 𝐷𝑖

𝑢 > 0, then 𝑓𝑖𝑗(𝐷𝑖
𝑣 , 𝐷𝑗

𝑣 + 𝑡) − 𝑓𝑖𝑗(𝐷𝑖
𝑣 , 𝐷𝑗

𝑣) =

𝑓𝑖𝑗(𝐷𝑖
𝑢 , 𝐷𝑗

𝑢 + 𝑡) − 𝑓𝑖𝑗(𝐷𝑖
𝑢 , 𝐷𝑗

𝑢).  

Independence requires that, for any given 𝐷𝑖
𝑣, the change of the health-inequality 

between two health outcomes ℎ𝑖 and ℎ𝑗 with an increase of the frequency in the health 

outcome ℎ𝑗 is independent of the levels of frequencies in the health outcome ℎ𝑗.  

Perfect Equality.  For all 𝑣 ∈ 𝐻𝑛, if 𝑣 is such that everyone has the same health outcome, 

that is, 𝑣1 = ⋯ =  𝑣𝑛 , then 𝑓(𝑣) = 0.  

The property Perfect Equality says that, if everyone has the same health outcome, 

then the health measure is 0 implying that there is no health-outcome inequality among 

the individuals in the society, and this situation is the least unequal health outcome.  Note 

that, as far as the inequality of individual health outcomes is concerned, the situation 

where everyone has the health outcome ℎ1 is the same as the situation where everyone 

has the health outcome ℎ𝑚.  Perfect Equality therefore suggests that, in constructing an 

index 𝑓 for health inequality, one should focus on the “statistical aspect” of the concept 

of health inequality and refrain from connecting the value judgment over different health 



outcomes to the index.  Note that Perfect Equality does not deny that a better health 

outcome for an individual is more desirable, what it does is to require this kind of value 

judgment plays no role in the construction of the index 𝑓 for health inequality. 

Invariance of Simple Switches.  For all 𝑣, 𝑢 ∈ 𝐻𝑛  and all ℎ𝑖 , ℎ𝑗 ∈ 𝐻, if 𝐷𝑖
𝑣 = 𝐷𝑗

𝑢, 𝐷𝑗
𝑣 =

𝐷𝑖
𝑢, and 𝐷𝑘

𝑣 = 𝐷𝑘
𝑢 = 0 for all ℎ𝑘 ≠ ℎ𝑖 , ℎ𝑗, then 𝑓(𝑣) = 𝑓(𝑢). 

Invariance to Simple Switches says that, when all individuals’ health outcomes 

are clustered on two health outcomes, a simple switch of the frequencies over those two 

health outcomes leaves the index for health-outcome inequality unchanged.  It may be 

noted that the idea of Invariance to Simple Switches tries to capture in constructing an 

index for health-outcome inequality is similar to that of Perfect Equality—the index 

should focus on the statistical aspect of the concept of health inequality.   

Invariance of Parallel Shifts.  For all 𝑣, 𝑢 ∈ 𝐻𝑛 and all ℎ𝑖, ℎ𝑗 ∈ 𝐻, if [𝐷𝑖
𝑣 = 𝐷𝑖+1

𝑢 , 𝐷𝑗
𝑣 =

𝐷𝑗+1
𝑢 , 𝐷𝑘

𝑣 = 0 for all ℎ𝑘 ≠ ℎ𝑖, ℎ𝑗, and 𝐷𝑟
𝑢 = 0 for all ℎ𝑟 ≠ ℎ𝑖+1, ℎ𝑗+1] or [𝐷𝑖

𝑣 = 𝐷𝑖−1
𝑢 , 

𝐷𝑗
𝑣 = 𝐷𝑗−1

𝑢 , 𝐷𝑘
𝑣 = 0 for all ℎ𝑘 ≠ ℎ𝑖, ℎ𝑗, and 𝐷𝑟

𝑢 = 0 for all ℎ𝑟 ≠ ℎ𝑖−1, ℎ𝑗−1], then 𝑓(𝑣) =

𝑓(𝑢). 

Invariance to Parallel Shifts says that, when all the health outcomes are clustered 

on two health outcomes, ℎ𝑖 and ℎ𝑗, a “parallel” shift of the entire frequency distribution 

leaves the index for health inequality unchanged.  Note that a “parallel” shift may change 

the level of overall health outcome. The intuitive idea of Invariance to Parallel Shifts is 

similar to that of Perfect Equality.  

Polarization.  For all 𝑣, 𝑢 ∈ 𝐻𝑛  and all ℎ𝑖 , ℎ𝑗 , ℎ𝑝, ℎ𝑞 ∈ 𝐻 with ℎ𝑖 ≤ ℎ𝑝 <  ℎ𝑞 < ℎ𝑗, if 

[𝐷𝑖
𝑣 = 𝐷𝑝

𝑢, 𝐷𝑗
𝑣 = 𝐷𝑞

𝑢, and  𝐷𝑘
𝑣 = 𝐷𝑘

𝑢 = 0 for all ℎ𝑘 ∈ 𝐻\{ℎ𝑖, ℎ𝑗, ℎ𝑝, ℎ𝑞}], then 𝑓(𝑣) >

𝑓(𝑢).   

To understand Polarization, we consider the following example.  Suppose there 

are four health outcomes arranged from the worst to the best.  Consider the following 

frequency distributions corresponding to the specifications in Polarization: 𝑣 =

(0.2, 0, 0, 0.8) and 𝑢 = (0,0.2,0.8,0).  Note that the frequency distribution 𝑢 is obtained 



from the frequency distribution 𝑣 by “squeezing” the population’s health outcomes from 

ℎ1 and ℎ4 to ℎ2 and ℎ3.  Intuitively, 𝑣 is more “spreading out” than 𝑢 implying that 𝑣 is 

more unequal than 𝑢.  In general, the intuition of Polarization can be explained as follows.  

Consider a frequency distribution 𝑣, where individual health outcomes are “clustered” on 

two health outcomes, ℎ𝑖 and ℎ𝑗, with 𝑖 < 𝑗.  Now, starting with this frequency 

distribution 𝑣, suppose we obtain another frequency distribution 𝑢 by “squeezing” the 

population’s health outcomes from ℎ𝑖 and ℎ𝑗 to ℎ𝑝 and ℎ𝑞 so that 𝐷𝑖
𝑣 = 𝐷𝑝

𝑢, 𝐷𝑗
𝑣 = 𝐷𝑞

𝑢, 

and ℎ𝑝 and ℎ𝑞 lie in between ℎ𝑖 and ℎ𝑗.  Then, Polarization says that the frequency 

distribution 𝑣 is less equitable than the frequency distribution 𝑢.  Clearly, Polarization 

reflects the idea that a “median-preserving” increase in the spread of a frequency 

distribution increases its inequality.      

 

Proposition 1.  For any given 𝑔 that is increasing, the measure 𝑓∗ satisfies the properties 

of Additivity, Perfect Equality, Invariance to Simple Switches, Invariance to Parallel 

Shifts, Polarization and Independence.   

Proof.  For any 𝑣 = (𝑣1 , … , 𝑣𝑛) ∈  𝐻𝑛 , let 𝑓∗(𝑣) = ∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑖
𝑣𝐷𝑗

𝑣
𝑗≠𝑖

𝑚
𝑖=1 , where 𝑔 

is a given function of positive integers such that 0 < 𝑔(1) < 𝑔(2) < ⋯ < 𝑔(𝑚 − 1).  

Then, clearly, 𝑓∗ satisfies Additivity.   

 Perfect Equality: Let 𝑣 = (𝑣1, … , 𝑣𝑛) ∈  𝐻𝑛  be such that 𝑣1 = ⋯ =  𝑣𝑛 .  Then, 

for some health outcome ℎ𝑖, 𝐷𝑖
𝑣 = 1 and 𝐷𝑗

𝑣 = 0 for all health outcome ℎ𝑗 ≠ ℎ𝑖.  

Therefore, 𝐷𝑖
𝑣𝐷𝑗

𝑣 = 0 for all ℎ𝑖, ℎ𝑗, implying that 𝑓∗(𝑣) = 0. 

 Invariance to Simple Switches:  Note that 𝑓∗(𝑣) = ∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑖
𝑣𝐷𝑗

𝑣
𝑗≠𝑖

𝑚
𝑖=1  = 

∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑗
𝑣𝐷𝑖

𝑣
𝑗≠𝑖

𝑚
𝑖=1 —interchanging the percentages over 𝑖 and 𝑗 leaves the index 

unchanged.  Therefore, and 𝑓∗ satisfies Invariance to Simple Switches.   



 Invariance of Parallel Shifts: Note that, for all integers 𝑖, 𝑗, 𝑖′, 𝑗′, we have [|𝑖 −

𝑗| = |𝑖′ − 𝑗′| ⇒ 𝑔(|𝑖 − 𝑗|) = 𝑔(|𝑖′ − 𝑗′|).  Note that |(𝑖 + 1) − (𝑗 + 1)| = |𝑖 − 𝑗| =

|(𝑖 − 1) − (𝑗 − 1)|.  Therefore, 𝑓∗ satisfies Invariance to Parallel Shifts.   

 Polarization:  Let 𝑣, 𝑢 ∈ 𝐻𝑛  and ℎ𝑖 , ℎ𝑗, ℎ𝑝, ℎ𝑞 ∈ 𝐻 with ℎ𝑖 ≤ ℎ𝑝 <  ℎ𝑞 < ℎ𝑗.  

Suppose that [𝐷𝑖
𝑣 = 𝐷𝑝

𝑢, 𝐷𝑗
𝑣 = 𝐷𝑞

𝑢, and  𝐷𝑘
𝑣 = 𝐷𝑘

𝑢 = 0 for all ℎ𝑘 ∈ 𝐻\{ℎ𝑖 , ℎ𝑗, ℎ𝑝, ℎ𝑞}]. 

We note that, for all integers 𝑖, 𝑗, 𝑝, 𝑞, if 𝑖 ≤ 𝑝 < 𝑞 < 𝑗, then |𝑖 − 𝑗| > |𝑝 − 𝑞| implying 

that 𝑔(|𝑖 − 𝑗|) > 𝑔(|𝑝 − 𝑞|).  Therefore, 𝑓∗(𝑣) = 𝑔(|𝑖 − 𝑗|)𝐷𝑖
𝑣𝐷𝑗

𝑣 > 𝑔(|𝑝 − 𝑞|)𝐷𝑖
𝑣𝐷𝑗

𝑣 =

𝑔(|𝑝 − 𝑞|)𝐷𝑝
𝑢𝐷𝑞

𝑢 implying that 𝑓∗ satisfies Polarization. 

 Independence: For any given 𝐷𝑖
𝑣 > 0, we note that 𝑔(|𝑖 − 𝑗|)𝐷𝑖

𝑣𝐷𝑗
𝑣 is linear in 𝐷𝑗

𝑣.  

It is then straightforward to check that 𝑓∗ satisfies Independence.  Q.E.D. 

 

Proposition 2.  Suppose a health-inequality measure 𝑓 satisfies the properties of 

Additivity, Perfect Equality, Invariance to Simple Switches, Invariance of Parallel Shifts, 

Polarization and Independence, then there exists a function 𝑔: {1, … , 𝑚 − 1} → (0, ∞) 

with 𝑔(1) < 𝑔(2) < ⋯ < 𝑔(𝑚 − 1), such that, for all 𝑣 ∈  𝐻𝑛 , 𝑓(𝑣) = 𝑓∗(𝑣) =

∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑖
𝑣𝐷𝑗

𝑣
𝑗≠𝑖

𝑚
𝑖=1  

Proof.  Suppose a heath-inequality measure 𝑓 satisfies Additivity, Perfect Equality, 

Invariance to Simple Switches, Invariance of Parallel Shifts, Polarization and 

Independence.   

 By Additivity, there exist real valued continuous functions 𝑓𝑖𝑗  (𝑖, 𝑗 = 1, … , 𝑚, 𝑖 ≠

𝑗) such that, for all 𝑣 ∈ 𝐻𝑛, 𝑓(𝑣) = ∑ ∑ 𝑓𝑖𝑗(𝐷𝑖
𝑣

𝑗≠𝑖
𝑚
𝑖=1 , 𝐷𝑗

𝑣).  Take any two distinct 

ℎ𝑖, ℎ𝑗 ∈ 𝐻 and any 𝑣 ∈ 𝐻𝑛, we first show that 𝑓𝑖𝑗(𝐷𝑖
𝑣 , 𝐷𝑗

𝑣) = 𝑤𝑖𝑗 𝐷𝑖
𝑣𝐷𝑗

𝑣 , where 𝑤𝑖𝑗 > 0 is 

a constant.  For any 𝐷𝑖
𝑣 > 0, and 𝑠, 𝑡 > 0, consider (𝐷𝑖

𝑣, 𝑠 + 𝑡), (𝐷𝑖
𝑢 , 𝑠), (𝐷𝑖

𝑣, 𝑡), 

(𝐷𝑖
𝑢 , 0) ∈ ℂ.  By Independence,  

𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝑠 + 𝑡) − 𝑓𝑖𝑗(𝐷𝑖

𝑢 , 𝑠) = 𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝑡) −  𝑓𝑖𝑗 (𝐷𝑖

𝑢 , 0) 



Or  

𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝑠 + 𝑡) ) = 𝑓𝑖𝑗(𝐷𝑖

𝑢 , 𝑠) + 𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝑡) −  𝑓𝑖𝑗(𝐷𝑖

𝑢 , 0) (5) 

This is a Cauchy equation.  Note that 𝑓𝑖𝑗  is continuous.  The solution to the equation (5) 

above is given by (see Aczel (1966)): 

𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝑥) = 𝛿𝑖𝑗(𝐷𝑖

𝑣)𝑥 + 𝛾𝑖𝑗(𝐷𝑖
𝑣)  (6) 

for some  𝛾𝑖𝑗(𝐷𝑖
𝑣) and 𝛿𝑖𝑗(𝐷𝑖

𝑣).  By Invariance of Simple Switch, we can also show that, 

for any 𝐷𝑗
𝑣 > 0,   

𝑓𝑖𝑗(𝑦, 𝐷𝑗
𝑣) = 𝜂𝑖𝑗(𝐷𝑗

𝑣)𝑦 + 𝜃𝑖𝑗(𝐷𝑗
𝑣)  (7) 

Combining (6) and (7), we then obtain that 

𝑓𝑖𝑗(𝐷𝑖
𝑣, 𝐷𝑗

𝑣) = 𝑤𝑖𝑗𝐷𝑖
𝑣𝐷𝑗

𝑣 + 휀𝑖𝑗  (8) 

where 𝑤𝑖𝑗  and 휀𝑖𝑗 are constants.  Therefore, for any 𝑣 ∈  𝐻𝑛 ,  

𝑓(𝑣) = ∑ ∑(𝑤𝑖𝑗𝐷𝑖
𝑣𝐷𝑗

𝑣 + 휀𝑖𝑗)

𝑗≠𝑖

𝑚

𝑖=1

 

By Perfect Equality, we have 휀𝑖𝑗 = 0 for all 𝑖, = 1, … , 𝑚, 𝑖 ≠ 𝑗.  By Invariance of Parallel 

Shifts, for all 𝑖, 𝑗, 𝑖′, 𝑗′ = 1, … , 𝑚, if |𝑖 − 𝑗| = |𝑖′ − 𝑗′|, then 𝑤𝑖𝑗 = 𝑤𝑖′𝑗′.  By Polarization, 

for all 𝑖, 𝑗, 𝑖′, 𝑗′ = 1, … , 𝑚, if |𝑖 − 𝑗| > |𝑖′ − 𝑗′|, then 𝑤𝑖𝑗 > 𝑤𝑖′𝑗′.  Therefore, by letting 

𝑔: {1, … , 𝑚 − 1} → (0, ∞) be such that, for all 𝑡 ∈ {1, … , 𝑚 − 1}, 𝑔(𝑡) = 𝑤𝑖𝑗  where 

|𝑖 − 𝑗| = 𝑡, we obtain 𝑓 = 𝑓∗ .  This completes the proof of Proposition 2.  Q.E.D.  

4. An empirical illustration and comparison with some existing 

measures 

We first apply the measures developed in the previous section to examine the issue of 

health inequality in the Chinese context.  The data that we use is the self-reported health 



status data from the 2007 wave of China Household Income Project Survey (CHIPS). We 

have a total of 46487 observations from 10 provinces in China: Hebei, Shanghai, Jiangsu, 

Zhejiang, Anhui, Henan, Hubei, Guangdong, Chongqing and Sichuan. The survey covers 

both rural and urban areas, but there is only rural area sample available for Hebei and 

only urban area sample available for Shanghai. The question relating to the self-reported 

health status is: “Comparing with your cohort, how do you rate your health status?  

Please choose one of the following five ratings: Excellent, Good, Fair, Poor, Very Poor.”   

Table 1 below presents a summary of the cumulative distribution (c.d.) of the samples 

for each province, where 𝑃𝑖 = 𝐷1
𝑣 + ⋯ + 𝐷𝑖

𝑣 (𝑖 = 1, … , 5) for a given health outcome 

vector 𝑣. 

Table 1: Self-Assessed Health Distribution 

 

Province\c.d. P1 P2 P3 P4 P5 

Hebei 0.007  0.068  0.290  0.706  1 

Shanghai 0.002  0.038  0.459  0.931  1 

Jiangsu 0.005  0.037  0.191  0.651  1 

Zhejiang 0.006  0.039  0.232  0.789  1 

Anhui 0.008  0.037  0.195  0.681  1 

Henan 0.007  0.039  0.238  0.717  1 

Hubei 0.008  0.041  0.235  0.717  1 

Guangdong 0.005  0.028  0.195  0.753  1 

Chongqing 0.011  0.081  0.347  0.866  1 

Sichuan 0.009  0.054  0.306  0.799  1 

 

      
In Table 2, we compute inequality indices based on ∑ ∑ 𝑔(|𝑖 − 𝑗|)𝐷𝑖

𝑣𝐷𝑗
𝑣

𝑗≠𝑖
𝑚
𝑖=1  when 

the 𝑔 function takes on specific forms: (1) 𝑔(𝑖) =
2𝑖

𝑚−1
 (f1), and (2) 

∑ ∑ 𝛼𝑚−1−|𝑖−𝑗|𝐷𝑖
𝑣𝐷𝑗

𝑣
𝑗≠𝑖

𝑚
𝑖=1   with 𝛼 = 0.9 (f2-1), 𝛼 = 0.6 (f2-2), 𝛼 = 0.3 (f2-3)  and 𝛼 =

0.1 (f2-4).  For comparisons with some existing measures of health inequality, we also 

compute indices based on:  

(1) f =1-
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 developed in Abul Naga and 

Yalcin (2008) where 𝑚𝑒 is the median of the distribution (V5-1 corresponding to 𝛼 =
1.5, 𝛽 = 1.5, V5-2 corresponding to 𝛼 = 1.5, 𝛽 = 2, and V5-3 corresponding to 𝛼 =
2, 𝛽 = 1.5),  

(6) f =

(2P
i

)a

i <m
e

å - (2(1- P
i

))b

i ³m
e

å

m -1

 developed in Lazar and Silber (2013) (V6-1 

corresponding to 𝛼 = 1.5, 𝛽 = 1.5, V6-2 corresponding to 𝛼 = 1.5, 𝛽 = 2, and V6-3 

corresponding to 𝛼 = 2, 𝛽 = 1.5). 
   

       Table 2: Health Inequality Indices                                    
Province\Index f1 f2-1 f2-2 f2-3 f2-4 V1 V2 V3 V4 V5-1 V5-2 V5-3 V6-1 V6-2 V6-3 

Anhui 0.418 0.961 0.341 0.076 0.020 0.280 0.478 0.418 0.571 0.311 0.348 0.341 0.194 0.168 0.167 

Chongqing 0.428 0.965 0.346 0.076 0.016 0.287 0.499 0.428 0.598 0.248 0.264 0.230 0.196 0.180 0.162 

Guangdong 0.375 0.898 0.307 0.060 0.011 0.237 0.436 0.375 0.531 0.256 0.289 0.276 0.151 0.125 0.126 

Hebei 0.484 1.049 0.389 0.091 0.021 0.330 0.541 0.484 0.623 0.341 0.374 0.355 0.236 0.210 0.202 

Henan 0.429 0.982 0.348 0.075 0.016 0.284 0.487 0.429 0.576 0.303 0.337 0.323 0.195 0.168 0.165 

Hubei 0.430 0.981 0.350 0.077 0.018 0.284 0.490 0.430 0.581 0.302 0.337 0.322 0.194 0.167 0.164 

Jiangsu 0.422 0.969 0.343 0.074 0.016 0.291 0.477 0.422 0.565 0.331 0.368 0.367 0.210 0.186 0.183 

Sichuan 0.433 0.985 0.351 0.076 0.017 0.285 0.498 0.433 0.592 0.274 0.301 0.274 0.193 0.170 0.160 

Shanghai 0.351 0.883 0.289 0.048 0.005 0.284 0.403 0.351 0.494 0.246 0.249 0.224 0.238 0.230 0.225 

Zhejiang 0.388 0.913 0.317 0.064 0.013 0.244 0.454 0.388 0.551 0.246 0.275 0.254 0.153 0.129 0.124 

 

       Table 3: Health Inequality Rankings                                    
Province\Ranking f1 f2-1 f2-2 f2-3 f2-4 V1 V2 V3 V4 V5-1 V5-2 V5-3 V6-1 V6-2 V6-3 

Anhui 4 4 4 6 9 3 5 4 5 8 8 8 4 4 7 

Chongqing 6 5 6 7 4 8 9 6 9 3 2 2 7 7 4 

Guangdong 2 2 2 2 2 1 2 2 2 4 4 5 1 1 2 

Hebei 10 10 10 10 10 10 10 10 10 10 10 9 9 9 9 

Henan 7 8 7 5 5 4 6 7 6 7 6 7 6 5 6 

Hubei 8 7 8 9 8 5 7 8 7 6 7 6 5 3 5 

Jiangsu 5 6 5 4 6 9 4 5 4 9 9 10 8 8 8 

Sichuan 9 9 9 8 7 7 8 9 8 5 5 4 3 6 3 

Shanghai 1 1 1 1 1 6 1 1 1 1 1 1 10 10 10 

Zhejiang 3 3 3 3 3 2 3 3 3 2 3 3 2 2 1 



Table 3 presents the various rankings of health inequality among the 10 provinces based 

on the measures used in Table 2.  It may be noted that, the rankings based f1, f2-2 and V3 

are the same, the rankings based on V2 and V4 are the same.  It can be shown that f1 is 

equivalent to V3. 2  For the measures under f2, the larger the value of 𝛼, the higher the 

weight to be attached to the two health outcomes that are more apart.  In particular, we 

note that when the value of 𝛼 becomes large, the index for health inequality can take a 

value greater than 1: the f2-1 index for the Hebei province is 1.049.  It may also be 

interesting to note that the three provinces, Shanghai, Guangdong and Zhejiang, are 

consistently ranked as the top three having the lowest health inequalities using our 

measures, while Hebei province exhibits the highest health inequality according to our 

measures f1 and f2.   

 Table 4 below presents a comparison of various measures used in Table 1 by 

examining whether or not a measure satisfies the axioms discussed in this paper.  It is of 

interest to note that all the measures discussed above satisfy Additivity (so that all the 

measures belong to the class of additive measures).   

Table 4: Comparisons of Various Measures 
Axiom f1 f2 V1 V2 V3 V4 V5 V6 

Additivity √ √ √ √ √ √ √ √ 

Perfect Equality √ √ √ × √ √ √ × 

Invariance to Simple Switches √ √ √ √ √ √ × × 

Invariance to Parallel Shifts √ √ √ × √ √ × √ 

Polarization √ √ × × √ √ × √ 

Independence √ √ × × √ × × × 

Note: A √ symbol indicates that the underlying measure satisfies the corresponding axiom, while a × symbol indicates the underlying measure violates the 

corresponding axiom. 

 

 To conclude this Section, we note that our measure f1 is a class of the Allison-

Foster (Allison and Foster (2004)) type measures since f1 can be regarded as a Gini 

coefficient in our context, while f2 may not be a class of the Allison-Foster type measures.  

                                                

2 To see it, we note that 𝑃1 = 𝐷1
𝑣, 𝑃2 = 𝐷1

𝑣 + 𝐷2
𝑣, …, 𝑃𝑖 = 𝐷1

𝑣 + 𝐷2
𝑣 + ⋯ + 𝐷𝑖

𝑣, …,  𝑃𝑚 = 𝐷1
𝑣 + 𝐷2

𝑣 +

⋯ + 𝐷𝑚
𝑣 = 1.  It can then be checked that 

2

𝑚−1
∑ ∑ |𝑖 − 𝑗|𝐷𝑖

𝑣𝐷𝑗
𝑣

𝑗≠𝑖
𝑚
𝑖=1  = 

∑ 4𝑃𝑖(1−𝑃𝑖)𝑚−1
𝑖=1

𝑚−1
.  

 



To see this, consider f2-1 where 𝛼 = 0.9 and the following frequency distributions: 

v=(0.2, 0.2, 0, 0.2, 0.4), u=(0.3, 0.1, 0, 0.2, 0.4), and x=(0.4, 0, 0, 0.2, 0.4).  Note that the 

change from v to u is a median-preserving spread, and u to x is another median-

preserving spread.  According to the Allison-Foster type measure, we must have that x 

exhibits a higher level of health inequality than u, and u exhibits a higher level of health 

inequality than v.  However, according to f2-1, we have f(v)=1.232, f(u)=1.226 and 

f(x)=1.161 implying that v is more unequal than u, u is more unequal than x.   

 

5. Conclusion 

 

In this paper, we have developed a class of new measures for health inequality. We 

have axiomatically characterized this class of measures.  Several noticeable properties of 

these measures are worth mentioning again.  First of all, these measures are addit ive: the 

“overall” health inequality of a frequency distribution is the weighted sum of all the 

health inequalities between two health outcomes.  Second, when the weighting function 

g(i) takes the simple form of 2i/(m-1), the underlying measure corresponds to the Gini 

coefficient when the health outcomes are interpreted as taking cardinal numbers 1, 2, …, 

m.  Third, our measures resemble the class of polarization measures developed in Esteban 

and Ray (1994) for measuring income polarization, though our approach is very different 

from theirs.  Finally, some of the members of the class of our measures are consistent 

with the Allison-Foster type measures, and yet some are inconsistent with their measures.  

Therefore, our analysis expands the measures for health inequality.   

As noted earlier, our measures are easy to compute and rely only on ordinal data.  Our 

axiomatic analysis in this paper has contributed to the understanding of this class of 

measures.  Since some of our measures go beyond the Allison-Foster type measures, it 

would be interesting to analyze this subclass further.          
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