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Abstract

This paper compares the Rawlsian and the Utilitarian optimums in the Barlevy and

Neal (2012) model. Our results suggest that, while both the Rawlsain optimum and

the Utilitarian optimum yield the same average human capital, the resulting distribu-

tion of human capital under Rawlsian optimum is more equitable than that under the

Utilitarian optimum. Furthermore, we show that a modified tournament-based incen-

tive payment scheme is incentive compatible and can induce the teachers to allocate

Rawlsian socially optimal levels of effort to all students.

Keywords: Pay for percentile; Rawlsian optimum; Utilitarian optimum; Equity; Tour-

nament.

JEL Classifications: D60, I24, I28, J33



1 Introduction

A major issue in research on educational policy is how to improve educational outcomes.

While the traditional wisdom has emphasized on the importance of school inputs, recent

studies have pointed to its low effectiveness 1 and the interest has turned to the design of

other mechanisms that may raise student achievements through incentivizing teachers based

on school outputs such as test scores. Although it is generally believed that these teacher in-

centive schemes should be more effective in improving student achievements as they succeed

in aligning the public or social goals with the goals of the teacher, literature to date has not

reached any consensus on this issue either theoretically or empirically. In theory, due to the

dysfunctional strategic responses from schools or teachers, teacher incentive schemes may re-

sult in a set of perverse outcomes, such as teaching to the test, removal of weak students from

school, inflate the grades or even increase the caloric content of their lunches on testing days

(Holmstrom and Milgrom, 1991; Jacob, 2005; Figlio and Winicki, 2005; Carrell and West,

2010). The accumulating empirical evidence on the causal relationship between teacher in-

centive schemes and student achievements, one the other hand, is inconclusive as well. While

Lavy (2002, 2009), Figlio and Kenny (2007), Atkinson et al. (2009) and Muralidharan and

Sundararaman (2011) provide positive evidence on this relationship based on the studies of

educational reform in different countries,2 Glewwe et al. (2010) and Martins (2010) conclude

with a negative relationship and complement the theoretical implication of dysfunctional

behavior responses with quantitative evidence. In light of these mounting debates, a more

sensible research agenda, as pointed out by Martins (2010), seems to address what kind of

specific teacher incentive design generates the best result for student achievement, rather

than the broad debate on whether teacher incentive scheme has positive or negative effects.

In this context, by utilizing a tournament mechanism, Barlevy and Neal (2012) (hereafter,

1 See Hanushek (2003) for a review.
2 However, these studies generally fail to disentangle whether the positive effect of teacher incentive

schemes on student achievements is resulting from teacher incentives eliciting more effort from teachers or
from other unobserved factors that jointly determine student achievements and school decisions in adopting
teacher incentive schemes.
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B−N) seek to design an optimal teacher incentive scheme that avoids various moral hazard

problems. This new scheme, named as “pay for percentile”, links a teacher’s compensation

to the ranks of their students within appropriately defined comparison sets. It is shown that,

by using ordinal information only, this scheme induces teachers to allocate socially optimal

levels of effort to all students, while at the same time removes the incentive for teachers to

coach the tests and other manipulations through scaling choices.

Although this new scheme is promising in term of eliciting efficient effort from teachers

while avoiding the potential moral hazard problem, it plays little role in addressing another

important issue faced by an educational authority, namely, the disparity in human capital

among the students. In the B − N approach, an educational authority effectively uses the

average score of the students as the objective function. Thus, the approach by the B − N

model may be termed as a Utilitarian approach. With the setting of a Utilitarian social

objective in the B −N framework, the “pay for percentile” scheme will induce a teacher to

allocate an equal individual tutoring effort to all the students with asymmetrically initially

distributed human capital, which in turn will preserve the initial disparity of human capital

among the students to the end of the period.3 However, as required by the “No Child

Left Behind” Act, it is conceivable that an educational authority may care more about the

equality of learning outcomes across students, rather than emphasize on the overall levels

of learning outcomes only. Therefore, it would appear reasonable to analyze the teacher

inventive design problem in a case where the objective of an educational authority cares also

about the final distribution of learning outcomes across the students while elicit efficient

effort from teachers.

The purpose of this paper is to investigate the Rawlsian optimum in the B − N model

by comparing the Rawlsian optimum with the Utilitarian optimum. In particular, we show

that the teacher incentive scheme based on a modified tournament mechanism is still able to

3 As a matter of fact, if the initial human capital of a student is positively correlated with the learning
ability of the student, this scheme will lead to an even larger human capital disparity at the end of the
period.
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induce the teachers to allocate the Rawlsian socially optimal levels of effort to all students.

In addition, we show that the Rawlsian optimum dominates the Utilitarian optimum in

the sense that the final distribution of human capital across the students is more equitable

under the Rawlsian optimum than under the Utilitarian optimum, while the aggregate human

capitals under the two optimums are the same.

The remainder of the paper is organized as follows. Section 2 presents the basic setup

of the B − N model, discusses the Rawlsian optimum of the model and how a modified

tournament-based incentive scheme can help to induce the Rawlsian optimum levels of

teacher effort. Section 3 discusses the comparison between the Rawlsian and the Utilitarian

optimums. Section 4 presents a brief conclusion.

2 The Model and Rawlsian Optimum

The basic setup of the B−N model may be summarized as follows. Consider J identical

classrooms with one teacher in each classroom, indexed by j ∈ {1, 2, ..., J}.4 All teachers

are assumed to be equally productive in creating human capital of students and share the

same cost function of providing teaching effort. Each classroom has N students, indexed

by i ∈ {1, 2, ..., N}. aij is defined as the initial human capital of student i in classroom j.

Within each classroom, students are sorted based on their initial human capital from the

least to the most able as follows:

a1j 6 a2j · · · 6 aNj. (1)

There are two types of effort that teacher j can conduct to improve student i’s human capital,

tutoring the student in person or teaching the class as a whole. While the former effort,

denoted by eij, benefits student i exclusively; the latter effort, denoted by tj, benefits all the

students in the class. Production of human capital is a function of student’s initial human

4 j also indexes teacher.
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capital aij, teacher’s effort involved, eij and tj, and an external shock εij. For simplicity and

analytical tractability, the production function is further assumed to be linear in teacher

effort

a
′

ij = g(aij) + tj + αeij + εij (2)

where a
′
ij represents the human capital of student i in classroom j at the end of the period.

g(·) is an increasing function of initial human capital, α captures the relative productivity

of class teaching versus individual tutoring. εij is i.i.d with zero mean.

The expected income of teacher j, denoted by Xj, is determined within the setting of the

incentive scheme that associates income to his/her teaching effort. The cost of teacher effort

is given by a convex function C(e1j, ..., eNj, tj), which, for analytical tractability, is assumed

to be separable and depend on the overall individual tutoring effort and class teaching effort,

i.e. C(e1j, ..., eNj, tj) = C1(
∑N

i=1 eij) + C2(tj).
5,6

2.1 Rawlsian Optimum

In this subsection, we discuss the Rawlsian optimum of teacher effort. Then, in the next

subsection, we examine how this optimum can be achieved via a tournament-based incentive

payment scheme.7 Formally, we consider a scenario that the educational authority chooses

the levels of teachers’ effort in each class to maximize the social value of the least able

student, net of the cost of the teacher’s effort

max
{e1j ,...,eNj ,tj}

E[R ·min{a′1j, ..., a
′

Nj} − C(e1j, ..., eNj, tj)] (3)

5Usual properties of marginal cost function are also assumed to guarantee the existence of interior solution
to the problem.

6It may be noted that the assumption of a linear cost function is not important for our results in Section
2, though this assumption is critical for our results in Section 3.

7See subsection 3.1 for the maximization problem of a Utilitarian educational authority and Barlevy and
Neal (2012) for its corresponding tournament design.
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where R > 0 is the social value of a unit of human capital. To maximize this problem, the

educational authority needs to first enforce all students’ expected human capital to be equal

at the end of the period, i.e. Ea
′
1j = ... = Ea

′
Nj. The social optimal levels of teachers’

effort are then determined by the familiar first order conditions (FOCs), which consist of the

following system of equations



N∑
i=1

∂C(e1j, ..., eNj, tj)

∂eij
= Rα

∂C(e1j, ..., eNj, tj)

∂tj
= R

eij =
g(a1j)− g(aij)

α
+ e1j for i = 2, ..., N.

(4)

Since all classrooms are identical and the cost function is the same for all teachers, socially

optimal levels of teachers’ effort, {erij, trj}i∈{1,··· ,N}, j∈{1,··· ,J}, will be jointly determined by the

above equations. Given that the cost function is separable in individual tutoring effort and

class teaching, the social optimum requires the same level of class teaching effort in all

classrooms, i.e. tr1 = ... = trJ . Meanwhile, equation (4) implies that the optimal individual

tutoring effort allocated to student i is inversely related to the initial human capital of

student i, i.e. er1j > ... > erNj.

2.2 Tournaments

We now consider a tournament-based incentive payment scheme to induce teachers’ effort

levels as specified in the Rawlsian optimum obtained in the above subsection. Our tourna-

ment is a modified tournament proposed in the B −N framework. Each teacher j is paired

with teacher k, who is randomly selected and is in charge of a comparable classroom at the

beginning of the year, to compete. The total payment to each teacher is set to consist of

two components, a base pay of X0 per student and a teaching bonus (X1 −X0). While the

base pay is a guaranteed payment for all teachers, the teaching bonus is an incentive-based

payment which is only being awarded to teacher j if the minimum human capital in class j
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is higher than the minimum human capital in the opponent class k, evaluated at the end of

the period. The total expected income for teacher j is then given by

NX0 + (X1 −X0) · I(min{a′1j, ..., a
′

Nj} > min{a′1k, ..., a
′

Nk}) (5)

where I(·) is an indicator that equals 1 if the inequality, min{a′1j, ..., a
′
Nj} > min{a′1k, ..., a

′

Nk},

holds and 0 otherwise. For any i ∈ {1, 2, ..., N}, we define a new variable, νi = εij − εik, as

the difference in the external shock for students i in classes j and k.8 H(x) = Pr(νi 6 x) and

h(x) = dH(x)
dx

, respectively, denote the cumulative distribution function and the probability

density function of νi. The problem of teacher j is thus to maximize the expected income

net of cost of effort

max
eij ,tj

[NX0 + (X1 −X0) ·H(α(eij − eik) + tj − tk)− C(e1j, ..., eNj, tj)] (6)

s.t.



e1j = eij − g(a1j)−g(aij)
α

...

ei−1j = eij − g(ai−1j)−g(aij)
α

ei+1j = eij − g(ai+1j)−g(aij)
α

...

eNj = eij − g(aNj)−g(aij)
α

(7)

Inserting the N − 1 individual tutoring effort constraints in equation (7) to the objective

function in equation (6) and differentiating with respect to eij and tj yields


N∑
i=1

∂C(e1j, ..., eNj, tj)

∂eij
= αh(α(eij − eik) + tj − tk)(X1 −X0)

∂C(e1j, ..., eNj, tj)

∂tj
= h(α(eij − eik) + tj − tk)(X1 −X0)

(8)

8 Students i in classes j and k have the same initial human capitals, i.e. aij = aik.
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Obviously, setting the bonus (X1 −X0) = R
h(0)

and letting both teachers j and k choose

the same effort levels, eij = eik and tj = tk, these FOCs for teacher j become the same

optimal conditions for a Rawlsian educational authority.

Nevertheless, to ensure that both teachers will indeed choose the same effort levels, as hy-

pothesized above, we need to show that both teachers choosing the Rawlsian socially optimal

effort levels is a unique pure strategy Nash equilibrium in this tournament. The following

two propositions summarize this equilibrium and the proofs are given in the Appendix.9

Proposition 1 Let ε̃ij denote a random variable with mean zero, and let εij = σε̃ij. There

exists σ̄ such that ∀σ > σ̄, in a two-teacher contest, both teachers choosing the socially

optimal effort levels is a pure strategy Nash equilibrium in this tournament.

Proposition 2 Whenever a pure strategy Nash equilibrium exists, it involves both teachers

choosing the socially optimal effort level.

3 The Rawlsian Optimum vs. the Utilitarian Optimum

The socially optimal levels of teacher effort under the two scenarios with alternative social

objective functions are obviously different. In this section, we explore the properties of the

Rawlsian optimum characterized in (4) and compare it with the Utilitarian optimum. For

the convenience of exposition, we first summarize, in subsection 3.1, the Utilitarian social

planner’s problem and solution as in the original B−N paper, and then present a comparison

between the two optimia in subsection 3.2.

3.1 Utilitarian Optimum

By its nature, the objective of the Utilitarian educational authority is to choose teacher

effort levels to maximize the average (or the overall) social values in each class, net of the

9These two propositions are similar to the results obtained in the original Barlevy and Neal (2012) paper,
and the proofs are also similar.
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cost of teacher effort, that is,10

max
{e1j ,··· ,eNj ,tj}

E[
1

N
R

N∑
i=1

a
′

ij − C(e1j, ..., eNj, tj)] (9)

Taking the usual FOCs, we have the following system of equations that determines the

Utilitarian socially optimal effort levels,


∂C(e1j, ..., eNj, tj)

∂eij
=
Rα

N
for i = 1, ..., N

∂C(e1j, ..., eNj, tj)

∂tj
= R

(10)

Let {euij, tuj }i∈{1,··· ,N},j∈{1,··· ,J} be the optimal effort levels to be implemented by the Util-

itarian educatioal authority. Given that the cost function is the same for all teachers, equa-

tion (10) implies a same level of class teaching effort in all classrooms and a same level of

individual tutoring effort for all students, i.e. tu1 = ... = tuJ and eu1j = ... = euNj.

3.2 Comparison

In this subsection, we compare the Rawlsian optimum characterized by equation (4) with

the Utilitarian optimum characterized by equation (10). The result is summarized in the

following proposition. The proof is given in the Appendix.

Proposition 3 The Rawlsian optimum dominates the Utilitarian optimum in the sense that,

(1) both result in a same level of ‘overall efficiency’: for all j ∈ {1, · · · , J}, (
∑N

i=1 e
r
ij =∑N

i=1 e
u
ij; t

r
j = tuj ), and (

∑N
i=1 a

′r
ij =

∑N
i=1 a

′u
ij ), and

(2) the Rawlsian optimum leads to a more equitable distribution of human capital than the

Utilitarian optimum: a
′u
1j < a

′r
1j ≤ · · · ≤ a

′r
Nj < a

′u
Nj.

10Note that the Utilitarian objective function presented in equation (9) is not exactly in the same form
as that in the original B − N paper—we adjust the original Utilitarian objective function by dividing the
total social values by N to focus on its average value. This adjustment is necessary because the Rawlsian
scenario only focuses on a single student who has the minimum human capital in the class; in order to make
the Rawlsian optimum conditions comparable to the Utilitarian optimum conditions, we have to make this
adjustment.
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The intuition of this result may be explained as follows. In the Utilitarian case, since

a certain amount of individual tutoring effort spending on any of the students will result

in a same increment of total social values, it makes no difference to spend an individual

tutoring effort on a more able student or on a less able student. The educational authority

will thus choose for each teacher a same level of individual tutoring effort for all the students.

However, in the Rawlsian case, it is the least able student’s human capital determining the

choice of a teacher’s individual teaching effort. As a consequence, the optimality pushes the

educational authority to implement a higher level of individual teaching effort to be spent

on the least able student by the teacher, with the end result of a more equitable distribution

of human capital among the students.

4 Conclusion

This paper has compared the teachers’ choices of individual tutoring effort and of class

teaching effort, and the resulting human capitals among the students under the Rawlsian

and the Utilitarian optimums in the B − N model. The main result of this paper is that,

while the average human capitals under Rawlsian optimum and under Utilitarian optimum

are the same, the resulting human capitals among the students under the Rawlsian optimum

is more equitably distributed than under the Utilitarian optimum. We have also introduced

a tournament mechanism as a tool in designing a new teacher incentive payment scheme for

the Rawlsian optimum. Our modified tournament-based incentive payment scheme continues

to be incentive compatible and is able to induce the teachers to allocate Rawlsian socially

optimal levels of effort to all students. An implication of our analysis and our results is that,

if the educational authority is concerned more about the distribution of learning outcomes

of all the students, our modified tournament-based incentive payment scheme outperforms

the tournament-based incentive payment scheme introduced in the B −N model.
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Appendix

The proofs of Propositions 1 and 2 are similar to the corresponding results established
in Barlevy and Neal (2012). For the completeness of the paper, we present the proofs of the
two propositions below.

Proof of Proposition 1:
Define ṽi = ε̃ij − ε̃ik, and let H̃(x) ≡ Pr(ṽi ≤ x). Recall that εij = σε̃ij. Then, we have

H(x) = H̃(x
σ
) and h(x) = dH(x)

dx
= 1

σ
h̃(x

σ
). Note that,

h(0)

h̃(0)
=

1

σ
(11)

Given teacher k chooses the socially optimal vector of effort (e∗, t∗), the probability that
teacher j will win the contest is given by,

H(α(eij − e∗ik) + tj − t∗k) =

∫ α(eij−e∗ik)+tj−t
∗
k

−∞
h(x)dx =

h(0)

h̃(0)

∫ α(eij−e∗ik)+tj−t
∗
k

−∞
h̃(
x

σ
)dx (12)

If we set X0 = C(e∗,t∗)
N
− R

2Nh(0)
and (X1 − X0) = R

h(0)
, teacher j’s problem in equations

(6) and (7) can be reduced to,

max
eij ,tj

R

∫ α(eij−e∗ik)+tj−t
∗
k

−∞

h̃(x
σ
)

h̃(0)
dx− R

2h(0)
+ C(e∗, t∗)− C(ej, tj) (13)

where C(ej, tj) = C(eij − g(a1j)−g(aij)
α

, . . . , eij − g(aNj)−g(aij)
α

, tj) and
∫ α(eij−e∗ik)+tj−t∗k
−∞

h̃( x
σ
)

h̃(0)
dx =∫ 0

−∞
h̃( x
σ
)

h̃(0)
dx+

∫ α(eij−e∗ik)+tj−t∗k
0

h̃( x
σ
)

h̃(0)
dx. Since h(x) is symmetric around zero and integrates up

to 1, we have
∫ 0

−∞
h̃( x
σ
)

h̃(0)
dx = 1

h(0)

∫ 0

−∞ h(x)dx = 1
2h(0)

.

The objective function (13) is then further simplified to,

max
eij ,tj

R

∫ α(eij−e∗ik)+tj−t
∗
k

0

h̃(x
σ
)

h̃(0)
dx+ C(e∗, t∗)− C(ej, tj) (14)

It is obvious that the objective function (14) is equal to 0 at (ej, tj) = (e∗, t∗). Any value
of (ej, tj) that yields a negative value for the objective function thus cannot be optimal. We
now argue that the solution to this problem is bounded in a way that does not depend on
σ. To see this, we analyze two cases. If the upper limit of integration α(eij − e∗ik) + tj − t∗k
is positive, then since h̃(·) has a peak at zero, it implies that

h̃( x
σ
)

h̃(0)
≤ 1 for all x and so,∫ α(eij−e∗ik)+tj−t

∗
k

0

h̃(x
σ
)

h̃(0)
dx ≤

∫ α(eij−e∗ik)+tj−t
∗
k

0

dx = α(eij − e∗ik) + tj − t∗k (15)

If α(eij − e∗ik) + tj − t∗k is negative, then since h̃(·) ≥ 0, we have,
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∫ α(eij−e∗ik)+tj−t
∗
k

0

h̃(x
σ
)

h̃(0)
dx ≤ 0 (16)

Therefore, the above objective function for teacher j is bounded by,

R max[α(eij − e∗ik) + tj − t∗k, 0] + C(e∗, t∗)− C(ej, tj) (17)

Now, let us define the set U = {u ∈ RN+1
+ :

∑N+1
i=1 ui = 1}. Any vector (ej, tj) can be

uniquely expressed as λu for some λ ≥ 0 and some u ∈ U . Given our assumption that
cost function is strictly convex, it follows that C(λu) is increasing and satisfies the limit

limλ→∞
∂C(λu)
∂λ

= ∞. Since α(eij − e∗ik) + tj − t∗k is linear in λ, for any u ∈ U , there exists
a finite cutoff such that equation (17) evaluated at (ej, tj) = λu will be negative for all λ
above the cutoff. Let λ∗(u) denote the smallest cutoff for a given u. We conclude that the
solution to the objective function (13) lies in the bounded set [0, λ∗]N+1.

Next, we will show that there exists a σ̄ such that for σ > σ̄, the Hessian matrix of the
second order conditions for the objective function (13) is negative definite over the bounded

set [0, λ∗]N+1. Let us define π(ej, tj) = R
∫ α(eij−e∗ik)+tj−t∗k
−∞

h̃( x
σ
)

h̃(0)
dx. Then the Hessian matrix

for the objective function (13) is the sum of two matrices, Π and −C, where,

Π ≡

[
∂2π
∂e2ij

∂2π
∂eij∂tj

∂2π
∂tj∂eij

∂2π
∂t2j

]
(18)

and

C ≡

[ ∑N
i=1

∂2C
∂e2ij

∑N
i=1

∂2C
∂eij∂tj∑N

i=1
∂2C

∂tj∂eij

∑N
i=1

∂2C
∂t2j

]
(19)

Taking the second derivative of π with respect to eij and tj yields,
∂2π
∂e2ij

= R
h̃(0)

α2h̃
′
(
α(eij−e∗ik)+tj−t

∗
k

σ
)

∂2π
∂eij∂tj

= ∂2π
∂tj∂eij

= R
h̃(0)

αh̃
′
(
α(eij−e∗ik)+tj−t

∗
k

σ
)

∂2π
∂t2j

= R
h̃(0)

h̃
′
(
α(eij−e∗ik)+tj−t

∗
k

σ
)

(20)

Since h̃(·) has a peak at zero, we have h̃
′
(0) = 0. It then follows that limσ→∞ h̃

′
(
α(eij−e∗ik)+tj−t

∗
k

σ
) =

0. Therefore, |Π| converges to 0 as σ grows. Turning to C, since the cost function C(·) is
strictly convex, −C must be a negative definite matrix. In sum, the Hessian matrix Π−C is
negative definite, and so the objective function of teacher j is strictly concave, which ensures
the existence of the global optimum over [0, λ∗]N+1.�

Proof of Proposition 2:
Given any pure strategy Nash equilibrium for the two-teacher contest, (ēj, t̄j) and (ēk, t̄k),

each teacher’s choices will be the best response to the other teacher’s actions. Further, since
both teachers are symmetric in every aspect, the pure strategy Nash equilibrium would imply
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that (ēj, t̄j) = (ēk, t̄k). With the setting that (X1 −X0) = R
h(0)

, the FOCs (for any teacher)

in equation (8) becomes, 
N∑
i=1

∂C(e1j, ..., eNj, tj)

∂eij
= Rα

∂C(e1j, ..., eNj, tj)

∂tj
= R

(21)

Let us consider a function Rαeij + Rtj − C(e1j, ..., eNj, tj), where C(e1j, ..., eNj, tj) =

C(eij − g(a1j)−g(aij)
α

, . . . , eij − g(aNj)−g(aij)
α

, tj). Since C(·) is strictly convex, this function is
strictly concave in eij and tj. Thus, the FOCs for this function, as expressed in equation
(21), define a unique optimum. Since equation (21) is the same optimal condition for a
Rawlsian education authority in equation (4), it follows that (ēj, t̄j) = (ēk, t̄k) = (e∗, t∗).�

Proof of Proposition 3:

By comparing equations (4) and (10), we have
∂C(e1j ,...,eNj ,tj)

∂tj
|trj = R =

∂C(e1j ,...,eNj ,tj)

∂tj
|tuj ,

it is straightforward to get trj = tuj .

Since
N∑
i=1

∂C(e1j ,...,eNj ,tj)

∂eij
|erj =

∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|erj + ...+
∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|erj = N
∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|erj =

R · α and
∂C(e1j ,...,eNj ,tj)

∂eij
|euj =

∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|euj = R·α
N

, we have
∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|erj = R·α
N

=
∂C(e1j ,...,eNj ,tj)

∂
∑N
i=1 eij

|euj .

Therefore,
∑N

i=1 e
r
ij =

∑N
i=1 e

u
ij = Neuij, it is further equivalent to,

∑N
i=1 e

r
ij

N
= euij. From

equation (4), we know that er1j > ... > erNj and er1j > erNj. Thus, er1j > eu1j and erNj < euNj,

a
′u
1j < a

′r
1j ≤ · · · ≤ a

′r
Nj < a

′u
Nj follow easily. �
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