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ABSTRACT 
 
This paper examines inference in finite samples based on estimation using maximum 

likelihood and ordinary least-squares estimators in fixed effect models with spatially 

autocorrelated errors. The focus of the Monte Carlo experiments is on the effect of 

covariance misspecification on finite sample inference. We find that the maximum 

likelihood estimator of the conditional mean parameters is more efficient than OLS under 

most populations but the quasi-t statistics are most reliable using OLS with a spatial 

correlation consistent covariance estimator. 

 

 
 
 
 
 
 



1. Introduction 
It is well known that inference can be flawed when the data are 

characterized by spatial correlation. The increased use of spatial estimators in 

applications in urban and regional and environmental economics suggests that 

researchers are concerned about spatial correlation and recognize the need to 

incorporate it in estimation.   By far, the most common method of handling 

spatially correlated errors is to use the first-order model attributed to Cliff and Ord 

(1973) and popularized by Anselin (1988). 

In this paper, we evaluate an alternative estimation strategy for allowing for 

a spatially correlated error structure that does not require the specification of a 

particular spatial model.  We suggest using a GMM estimator of the conditional 

mean parameters with a spatial correlation consistent (SCC) covariance estimator. 

This strategy is possible when the researcher has panel data available. Our primary 

interest is how inference is affected by the use of the alternative estimation strategy, 

although we also examine relative efficiency issues. 

The behavior of the quasi-t statistics used to conduct inference depends on 

the covariance estimator used to construct the test statistic. To provide information 

on this, we compare finite sample performance of quasi-t statistics based on 

maximum likelihood estimation of a first-order model to quasi-t statistics based on 

OLS estimation using two SCC estimators.  These SCC estimators are special cases 

of Driscoll and Kraay's (1998) covariance estimator.  For comparison purposes, we 

also include the standard OLS covariance estimator and a heteroskedastic 

consistent estimator. We consider different patterns of spatial correlation in 

addition to the first-order spatial model. 

We compare the ML and OLS coefficient estimators' efficiency through an 

examination of relative finite sample bias and variance. In general, we find that 

both estimators are unbiased but the maximum likelihood estimator tends to have a 

smaller variance. Even when the covariance structure incorporated in the likelihood 
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function is incorrect, we find the maximum likelihood estimator for the conditional 

mean parameters is usually more efficient than OLS.1

Overall, our results indicate that least-squares estimators of conditional 

mean parameters combined with a robust covariance matrix estimator provide a 

reasonable alternative to maximum likelihood estimation of a first-order spatial 

model. In some cases where the likelihood function is misspecified, the least-

squares strategy is far superior. 

 

II. The Model and Estimators 

 

The basic model that we consider is, 

, 1, 2, .t t ty X u t T..,β= + =     (1) 

where  yt is an (  vector and X1n× ) )t is an (n k×  matrix containing the tth observation on 

the dependent and explanatory variables, and ut represents the error vector for a panel of 

n units. In many applications, Xt will contain fixed effects dummy variables. Often it is 

reasonable to assume that the errors are uncorrelated over time, but correlated across 

units. Because our focus in this paper is spatial autocorrelation, we ignore any potential 

error correlation over time.  In this case, the model’s assumptions can be written as: 

( | ) 0,   ( | ) ,  and ( | ) 0, .t t t s t t t s tE u X E u u X t s E u u X t s′ ′= = Ω = = ≠  (2) 

The asymptotic results are based on both n and T approaching infinity. 

We consider two estimation strategies.  First, with the additional assumptions that 

X Xplim
nT
′⎛

⎜
⎝ ⎠

⎞
⎟  and X Xplim

nT
′⎛

⎜
⎝ ⎠

⎞
⎟  are finite and non-singular, one can consistently estimate 

the conditional mean vector by OLS and base inference on the limiting distribution, 
1 1

1

ˆ( ) (0,
T

d t t t
OLS

t

X XX X X XnT N plim plim plim
nT nT nT

β β
− −

=

′′ ′Ω⎛ ⎞⎛ ⎞ ⎛ ⎞− ⎯⎯→ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
∑ )

                                                          

, (3) 

 
1 We examine the behavior of quasi-t statistics using the estimated covariance, as would be the practice in 
any applied work.  It is the true covariances of the OLS and ML estimators that are used to assess relative 
efficiency. 
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where ˆ
OLSβ  is the OLS estimator and 1 2( , ,..., ) ,tX X X X′ ′ ′ ′=  the ( )nT k×  matrix of 

explanatory variables. With  defined as the vector of OLS residuals, one can use ˆtu

1

ˆ ˆT
t t t t

t

X u u X
nT=

′ ′
∑ as an estimator of the middle term in the covariance matrix and the 

resulting spatial correlation consistent (SCC) covariance estimator, 
1 1

1

ˆ ˆ
1

T
t t t t

t

X u u XX X X XSCC
nT nT nT

− −

=

′ ′′ ′⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ,    (4) 

is a special case of that proposed by Driscoll and Kraay (1998).2

 An alternative estimation scheme is to maintain equation (1) and specify the error 

as a first-order process.  This can be written as: 
2, ~ (0,t t t tu Wu iid Iερ ε ε σ= + ),n

.

     (5) 

which implies that 2 1 1( ) ( ) ( ) , , ( ) 0,t s n n t sE u u I W I W t s E u u t sεσ ρ ρ− − ′′ ′= − − = = ≠  

The diagonal elements of the nonstochastic weighting matrix W are zero and the off-

diagonal elements, wij , are chosen to reflect the degree of dependence between the error 

of unit i and the error of unit j. With the weighting matrix chosen a priori, estimation has 

typically proceeded by assuming a normal distribution and maximizing the appropriate 

likelihood function.3 Asymptotic inference is based on 

 ˆ( ) (0,d
MLE MLEnT N Vβ β− ⎯⎯→ ),      (6) 

where ˆ
MLEβ  is the maximum likelihood estimator and VMLE is the relevant ( )  

submatrix of the inverse of the information matrix corresponding to the estimators of 

k k×

.β  

In the event that the errors do not follow a normal distribution, this estimator remains 

consistent as a quasi-maximum likelihood estimator.  Asymptotic inference based on the 

MLE estimator is asymptotically efficient under the first-order spatial error structure of 

equation (5) but the covariance estimator is inconsistent under more general 

specifications such as equation (2). 

The general stochastic specification of equation (2) allows for error correlation 

across units and an unknown pattern of heteroskedasticity for each time period as well as 
                                                           
2 The SCC covariance estimator proposed by Driscoll and Kraay allows the model's errors to be correlated 
over time as well as across units.  
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over time.  Although asymptotic inference based on the OLS covariance estimator in (4) 

is valid under this specification, we might expect that this level of generality would 

extract a cost in terms of finite sample inference, based on simulation evidence of other 

heteroskedastic consistent covariance estimators. 

One way to restrict the stochastic specification and yet retain the general form of 

the contemporaneous error covariance within units is to impose a homoskedastic 

structure over time.4  With this restriction, a consistent estimator of the middle matrix in 

equation (3) replaces 
1

ˆ ˆ ˆ ˆ with , where / .t
t

u u T
=

t t′Ω Ω Ω =∑ 5  The resulting spatial correlation 

consistent (SCC) covariance estimator is, 
1 1

1

ˆ
2

T
t t

t

X XX X X XSCC
nT nT nT

− −

=

′′ ′Ω⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ,    (7) 

a more restrictive version of SCC1. 

The SCC covariance matrices given in equations (4) or (7) do not appear 

frequently in the applied literature estimating fixed effect models with panel data. One 

explanation is that robust covariance estimators often result in incorrect finite sample 

inference.  We address this concern by comparing the performance of OLS test statistics 

based on the SCC covariance estimators to those more commonly used in applied work. 

 

III. Simulation and Results 

The data and model we use for our simulations are very loosely based on those of 

Case, Rosen and Hines (1993) who estimate direct per capita expenditures by state and 

local governments as a function of state economic data and population demographics.  

Using a panel of 48 states over the years 1970 through 1985, Case, Rosen and Hines find 

                                                                                                                                                                             
3 See Kelejian and Prucha (1999) for an alternative GMM estimator for the first-order model. 
4 Note that this specification corresponds to the textbook Seemingly Unrelated Regression model with the 

coefficient vector restricted to be equal across units. 

5 Although  will be singular in cases where n > T and thus of no use as a weighting matrix for GLS, Ω̂
ˆ( ) /TX I X′ ⊗Ω nT

]
 will be of rank k for well-behaved X and will converge to 

[ ( ) /Tplim X I X nT′ ⊗Ω  making inference based on OLS a feasible alternative. 
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strong evidence of spatial correlation.  Our data set extends the sample period through 

1995, so that there are now 26 times-series observations.  Two of the weight matrices 

suggested in their work are adopted for our simulations. 

Our simulations are based on the population model: 

( | ) , 1, 2,..., ; 1, 2,..., ,it itE exp X X i n t Tβ= = =   (8) 

where β  is set to zero and the matrix itX includes fixed effects dummy variables, per 

capita real income and the proportion of the population that is black. 

We simulate the behavior of the OLS quasi-t statistic, 1̂
ˆˆ / ( )t se 1β β= , using 

different estimates of the standard error. In addition to the SCC estimators, we also 

compute quasi-t statistics using covariance estimators often used in applications.  These 

include the OLS covariance estimator under the assumption ; this 

covariance estimator will be referred to as ‘Standard OLS.’ We include both White’s 

(1980) usual heteroskedastic-consistent covariance estimator that allows the individual 

error variances to differ across units and possibly over time and a more restricted version 

of White’s estimator that assumes constant error variances over time. 

2~ (0,t uu iid Iσ )n

We compare these OLS quasi-t statistics to those based on maximum likelihood 

estimation of the first-order spatial correlation model. These estimation methods, 

covariance matrix estimators and the error structure assumed by each are summarized in 

Table 1. 

The maximum likelihood estimator for the model given by equations (1) and (5) 

is computed using two weight matrices, one is based on comparisons of real per capita 

income, the other based on similar proportions of African-Americans in the state 

populations.  The quasi-t statistic obtained using estimated standard errors from this 

estimator is denoted MLE. 

We generate errors from two spatially correlated populations. Our first error 

structure is, 

,t t tu Wuρ ε= +  0, .125,.250,.375,.500,.625,.750,.875,.950ρ = ±  (9) 

~ (0, )t N I ,nε    t = 1, 2, …, T .  
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When ρ = 0, the error reduces to . In this case the usual OLS covariance 

matrix estimator is efficient.  The other covariance estimators, as well as the ML 

covariance estimator, are consistent, but inefficient in the case of iid errors. Thus, under 

this error specification, all quasi-t statistics converge to standard normal distributions in 

the limit. 

~ (0,1)itu iid N

We also employ a different spatial correlation scheme that was suggested by 

Driscoll and Kraay: 

, ( , ) ~ (0, ),t t t t tu v v iid Nλ ε ε ′ ′= + ∑      (10) 

where λ  is an  vector of parameters,  is a scalar iid shock common to each unit, 

and the elements of 

( 1n× ) tv

tε are idiosyncratic errors uncorrelated with , each other and over 

time. Following Driscoll and Kraay, we normalize the errors to have unit variances so 

that the correlation of  and 

tv

iu ju  is i jλ λ . We generate samples from ten populations by 

drawing the value of λ  from ~ ( , .10)i iid Uλ +l l , where 0,.1,.2,...,.9=l  , so that the 

mean correlation of states' errors ranges from ( ) ( )iE E jλ λ =.0025 to ( ) ( )iE E jλ λ =.9025. 

With the spatially correlated populations (9) and (10), the covariance estimator 

constructed under the incorrect assumption of iid errors (standard OLS), and the two 

White covariance estimators are inconsistent. Those constructed under the more general 

error specification assumptions (SCC1 and SCC2) are, of course, consistent but 

inefficient estimators of the true covariance matrix.  Thus, under these populations, only 

the quasi-t statistics based on SCC1 and SCC2 converge to a standard normal random 

variable. In the case of the first-order spatial process, the maximum likelihood estimator 

of β , when based on the true weighting matrix, is asymptotically efficient, its estimated 

covariance matrix is consistent, and the MLE quasi-t statistic converges to a standard 

normal random variable.  For the process in (10), the maximum likelihood estimator of 

β  remains consistent, but its estimated covariance matrix is inconsistent. 

Figure 1 shows the ratio of actual test size to a nominal size of .05 for test 

statistics for various values of ρ, using error specification (9). Because the two versions 

of the White and SCC estimators produce similar results, we include only White 1 and 
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SCC2 in our figures.6 Ratios less than 1 indicate that the test statistic in the finite sample 

is rejecting too few times, on average, under the null, suggesting that the standard error 

estimates are, on average, larger than they should be.  Ratios greater than 1 indicate over-

rejection and suggest that standard errors are being under-estimated. 

The graph shows that the standard OLS covariance estimator is very unreliable 

when errors are spatially correlated.  Interestingly, test statistics based on standard OLS 

under-reject when ρ  is negative and over-reject when ρ  is positive.  The magnitude of 

bias in the estimated standard error increases with the absolute value of .ρ  

Test statistics based on the SCC covariance estimators over-reject the true null 

regardless of the value of ρ .  The more restricted estimator, SCC2, produces test sizes 

that more closely conform to the nominal values than SCC1.  This is reasonable because 

SCC2 imposes the correct restriction that the correlations do not change over time. 

The White covariance estimators behave very similarly to the standard OLS 

estimator for non-zero values of ρ .  Test statistics under-reject when ρ  is negative and 

over-reject when ρ  is positive with the absolute bias in the standard error estimate 

increasing with the degree of spatial correlation. With ρ = 0, standard OLS outperforms 

both White estimators while the White estimators produce results that conform more 

closely to nominal values than either SCC estimator. 

Figure 2 presents results under the spatial correlation population described in (10).  

The ratio of actual to nominal size is graphed against λ , the mean of the distribution of 

iλ , so that the mean error correlation is 2.λ  When the mean correlation is only .0025 

( .05λ = ), all of the test statistics slightly over-reject the true null except for standard 

OLS.  As the degree of correlation increases, the over-rejection rates of test statistics 

based on standard OLS and White increase dramatically.  In a spatially correlated 

population with mean correlation  >  .30 ( .55λ ≥ ), test statistics based on standard OLS 

or White covariance estimators reject a true null over 50% of the time. Although the 

rejection rates for MLE test statistic are not as high as those based on standard OLS or 

White, they are still far greater than their nominal size and appear to vary with the degree 

                                                           
6 Complete results are available from the authors on request. 
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of spatial correlation. The performance of the SCC estimator remains stable over all 

values of λ : the test statistic rejects a true null about 6% of the time. 

A third experiment confirms the conventional belief that estimates are sensitive to 

the weight matrix chosen.  Although the sample was generated using a weight matrix 

based on similar proportions of blacks in state populations, the MLE’s were obtained 

using weights based on similar levels of per capita income.  Figure 3 shows that inference 

based on the MLE test statistics suffers from the same pattern of size distortions as 

inference based on OLS using the standard OLS or White covariance estimators: under-

rejection in populations with negatively correlated errors and over-rejection in 

populations with positively correlated errors. 

A natural concern in using the OLS strategy is the possibility of a substantial loss 

of efficiency in the estimates of conditional mean parameters. Applied researchers who 

suspect a first-order spatial correlation scheme in their data may believe that the increase 

in efficiency using the MLE estimator outweighs the possible inconsistency in the 

covariance matrix estimators if the weight matrix is incorrectly chosen. To provide some 

guidance on this issue, we compute bias, variance and mean square error for ML 

estimates of 1β  relative to OLS estimates of the same parameter for each of our 

populations. 

Table 2 indicates that both the MLE and OLS estimators are approximately 

unbiased as is evident from comparing the relative variances of the two estimators to their 

relative mean squared errors. The relative variances indicate that the MLE is almost 

always a more efficient estimator of conditional mean parameters than OLS.7  These 

results might entice the applied researcher into believing that because one’s primary 

interest is in estimates of the conditional mean parameters, the use of maximum 

likelihood even under a misspecified first-order spatial correlation process is justified. 

Notice, though, that these relative variance ratios refer to the estimators’ true variances.  

It is the estimated MLE variances and standard errors that are used to construct test 

statistics. Our comparison of rejection frequencies of OLS test statistics to MLE test 

                                                           
7 This result continues to hold when the population errors are non-normal. Because our Monte Carlo results 
are essentially unchanged with non-normal errors we do not report these results.  
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statistics shows that OLS test statistics using an SCC covariance estimator perform nearly 

as well as a correctly-specified-MLE test statistics under a first-order spatial population 

and often perform much better under other spatially correlated populations or when the 

MLE weight matrix is incorrect. 

 

IV. Conclusions 

In this paper, we examined the effect of covariance misspecification on inference 

in fixed effects models with spatially correlated errors. We evaluated the finite sample 

performance of maximum likelihood and OLS estimation using Monte Carlo experiments 

under a variety of spatially autocorrelated populations. The Monte Carlo evidence 

indicated that for models with spatially correlated errors, robust covariance matrix 

estimators can be used very successfully.  These estimators provide consistent estimates 

of the variances of the conditional mean estimates without imposing any functional or 

distributional assumptions on the form of the spatial correlation. 

Although maximum likelihood produced relatively more efficient conditional 

mean estimators than OLS even under misspecified covariance structures, we found that 

finite sample inference was most reliable using OLS with an SCC covariance estimator. 

The estimated rejection frequencies using maximum likelihood are close to their nominal 

levels under most populations but are far from reliable under certain types of 

misspecification. OLS test statistics based on either the standard OLS covariance 

estimator or White's heteroskedastic consistent estimator performed very poorly in most 

populations. In populations with positive spatial correlation, the nominal sizes 

understated the true sizes associated with these test statistics and in populations with 

negative spatial correlation, the opposite occurred. 

Based on these results we recommend that researchers consider using OLS to 

estimate the conditional mean parameters of panel data models with spatially correlated 

errors and base inference on an SCC covariance estimator. Over all the populations we 

considered, rejection frequencies associated with these OLS quasi-t statistics were 

slightly larger than their nominal sizes. This deviation was roughly constant across all 

populations, however, suggesting that inference could be improved easily using a simple 

size correction. 
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Figure 1: Population- First-order Spatial Correlation  
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Figure 2: Population-General Spatial Model 
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Figure 3: Population-First-order Spatial Correlation 
MLE uses wrong weight matrix 
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Table 1:  Estimators and Maintained Hypotheses 

Model : t ty X utβ= +  

Estimation 

Method 

Covariance 

Estimator 

Assumed Covariance Structure 

OLS Iid 2( ) ,
             0,

t s nE u u I t s
t s

σ′ = =

= ≠
 

OLS White1 2( ) , ,

              0,  or 
ti sj tiE u u t s i j

t s i j

σ= = =

= ≠ ≠
 

OLS White2 2( ) , ,

              0,  or 
ti sj iE u u t s i j

t s i j

σ= = =

= ≠ ≠
 

OLS SCC1 ( ) ,
             0,

t s tE u u t s
t s

′ = Ω =
= ≠

 

OLS SCC2 ( ) ,
             0,

t sE u u t s
t s

′ = Ω =
= ≠

 

MLE MLE 2 1( ) ( ) ( )
             0,

t s n nE u u I W I W
t s

εσ ρ ρ 1− −′ ′= − −

= ≠
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Table 2:  Relative Bias, Variance, and MSE 
MLE relative to OLS 
 

Population Rho Bias Variance MSE 

0.0000 1.0000 1.0000 1.0000 

0.1250 1.0000 0.9231 0.9230 

0.5000 0.8333 0.7333 0.7326 

0.8750 0.3462 0.0727 0.0728 

-0.1250 1.0000 1.0000 1.0000 

-0.5000 0.6000 0.8000 0.8000 

First-order Spatial 
Correlation 
 

-0.8750 -0.2500 0.5000 0.5000 

λ =0.15 1.0000 1.0000 1.0000 

λ =0.45 1.5000 0.6216 0.6216 

λ =0.75 0.6000 0.1705 0.1705 

General Spatial 
Correlation 

λ =0.95 -3.0000 0.0217 0.0217 

Wrong Weight Matrix 0.5000 1.2500 0.9375 0.9375 
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